A fall k-coloring of a graph G is a proper k-coloring of G such that each vertex of G sees all k colors on its closed neighborhood. In this note, we characterize all fall colorings of Kneser graphs of type KG(n, 2) for n ≥ 2 and study some fall colorings of KG(n, m) in some special cases and introduce some bounds for fall colorings of Kneser graphs.
Introduction
All graphs considered in this paper are finite and simple (undirected, loopless and without multiple edges). Let G = (V, E) be a graph and k ∈ N and let [k] = {i| i ∈ N, 1 ≤ i ≤ k}. A k-coloring (proper k-coloring) of G is a function f : V → [k] such that for each 1 ≤ i ≤ k, f −1 (i) is an independent set. We say that G is k-colorable whenever G has a k-coloring f , in this case, we denote f −1 (i) by V i and call each 1 ≤ i ≤ k, a color (of f ) and each V i , a color class (of f ). The minimum integer k for which G has a k-coloring, is called the chromatic number of G and is denoted by χ(G).
Let G be a graph and f be a k-coloring of G and v be a vertex of G. The vertex v is called colorful ( or color-dominating or b-dominating) if each color 1 ≤ i ≤ k appears on the closed neighborhood of v ( f (N [v]) = [k] ). The k-coloring f is said to be a fall k-coloring (of G) if each vertex of G is colorful. There are graphs G for which G has no fall k-coloring for any positive integer k. For example, C 5 (a cycle with 5 vertices) and graphs with at least one edge and one isolated vertex, have not any fall k-colorings for any positive integer k. The notation Fall(G) stands for the set of all positive integers k for which G has a fall k-coloring. Whenever Fall(G) = ∅, we call min(Fall(G)) and max(Fall(G)), fall chromatic number of G and fall achromatic number of G and denote them by χ f (G) and ψ f (G), respectively. The terminology fall coloring was firstly introduced in 2000 in [3] and has received attention recently, see [1] , [2] , [3] , [10] .
Let G be a graph and k ∈ N and f be a k-coloring of G. The coloring f is said to be a colorful k-coloring of G if each color class contains at least one colorful vertex. The maximum integer k for which G has a colorful k-coloring, is called the b-chromatic number of G and is denoted by φ(G) ( or b(G) or χ b (G)).
Let t, v, k, λ be positive integers and v ≥ k ≥ t. A (S, B) = t − (v, k, λ) block design is a family B of some k-subsets (blocks) of a v-set S such that every t-subset of S is contained in exactly λ blocks. If t = 2, k = 3 and λ = 1, the (S, B) = t−(v, k, λ) block design is sometimes called an Steiner Triple System and denoted by ST S(v).
Fall colorings of Kneser graphs
Suppose that n ≥ m. Hereafter, we denote by [n] m the set of all m-subsets of [n]. The Kneser graph KG(n, m) has the vertex set [n] m , in which A ∼ B if and only if A ∩ B = ∅. It was conjectured by Kneser in 1955 [9] , and proved by Lovász in 1978 [11] , that if n ≥ 2m, then, χ(KG(n, m)) = n − 2m + 2. Lovász's proof was the beginning of using algebraic topology in combinatorics. Colorful colorings of Kneser graphs have been studied in [5] and [8] . In this paper we study fall colorings of Kneser graphs.
Let G and H be graphs. A function f :
is called a type-II graph homomorphism from G to H if f satisfies the following two conditions: [10] . They showed that for any graph G, k ∈ Fall(G) iff there exists a type-II graph homomorphism from G to K k . It is simple to see that if f 1 is a type-II graph homomorphism from G to H and f 2 is a type-II graph homomorphism from H to I, then, f 2 of 1 is a type-II graph homomorphism from G to I. Also, if there exists a type-II graph homomorphism from G to H and k ∈ Fall(H), then, k ∈ Fall(G). Theorem 1. Let n, m ∈ N and n > 2m and m ≥ 2. Then, Fall(KG(n, m)) ⊆ Fall(KG(n + 2, m + 1)).
Type-II graph homomorphisms introduced by Laskar and Lyle in 2009 in
a type-II graph homomorphism from KG(n + 2, m + 1) to KG(n, m) and therefore, Fall(KG(n, m)) ⊆ Fall(KG(n + 2, m + 1)). Corollary 1. Let a, b ∈ N {0} and a > 2b. Also, for each i ∈ N \ {1}, let
Now we investigate fall colorings of Kneser graphs of type KG(n, 2). Hereafter, we suppose that the vertex set of K n is [n]. For n ≥ 2, KG(n, 2) is exactly the complement graph of the line graph of K n . Therefore, one can think of KG(n, 2) as the graph whose vertex set is E(K n ) in which two elements of E(K n ) are adjacent in KG(n, 2) iff they have not any common vertices in K n .
Theorem 2. For each natural number n ≥ 2, we have
Proof. Obviously, Fall(KG(2, 2)) = Fall(KG(3, 2)) = {1}. Also, since KG(4, 2) is a matching, Fall(KG(4, 2)) = {2}. Now let's suppose that n ≥ 5. Let k, n ∈ N, n ≥ 5, and f be a fall k-coloring of KG(n, 2). Also, let A be an arbitrary color class of f and {a, b} be an arbitrary element of A. Obviously, A = { {a, b} }, since, for any c 0 ∈ [n]\{a, b}, {a, c 0 } / ∈ A and {a, c 0 } has not any neighbors in A which contradicts the fact that f is a fall k-coloring of KG(n, 2). Therefore, there exists another vertex x in A. With no loss of generality, we can assume that {a, b} x = {a}. Hence, ∃c ∈ [n] such thatx = {a, c}. Again, A = { {a, b}, {a, c} }, otherwise, {b, c} / ∈ A and has no neighbors in A, which is a contradiction. Consequently, there exists another vertexȳ ∈ A. Now there are two cases:
Case I)ȳ = {b, c}. In this case, obviously A = { {a, b}, {a, c}, {b, c} }. Case II)ȳ = {b, c}. Therefore, in this case, a ∈ȳ and there exists d ∈ [n] \ {a, b, c} such thatȳ = {a, d} and obviously, each element of A contains a, otherwise, there exist two adjacent vertices in A, which is a contradiction. Thus, A ⊆ S a := { {a, x} | x ∈ [n] \ {a} }. Now, we prove that A = S a . If A S a , then there exists z ∈ [n] \ {a} such that {a, z} / ∈ A. Hence, {a, z} is not in A and has no neighbors in A, which is a contradiction. Hence, A = S a .
Therefore, for each color class A of f , either there exist three distinct elements a, b, c ∈ [n] such that A = { {a, b}, {b, c}, {c, a} } or there exists an element a ∈ [n] such that A = S a . Hereafter, we call each color class of type { {a, x} | x ∈ [n] \ {a} } where a is a fixed element of [n], a complete star in K n and each color class of type { {a, b}, {b, c}, {c, a} } where |{a, b, c}| = 3, a triangle in K n . It's easy to see that there exists at most one element a ∈ [n] such that S a is a color class of f , otherwise, there exists a common vertex in two distinct color classes, which is a contradiction. Hence, the set of color classes of f , is either a partition of edge set of K n into one complete star and triangles or a partition of edges of K n into triangles. Consequently, the edge set of K n or K n−1 can be partitioned into triangles. On the other hand, it is well known that the edge set of K n (resp. K n−1 ) can be partitioned into triangles iff an Steiner Triple System 2 − (n, 3, 1) (resp. Steiner Triple System 2 − (n − 1, 3, 1)) exists and this is equivalent with n = 1 or 3 (mod 6) (resp. n − 1 = 1 or 3 (mod 6)). Therefore, if Fall(KG(n, 2)) = ∅, then, n = 1 or 2 or 3 or 4 (mod 6). Conversely, if n = 1 or 3 (mod 6), every partition of edge set of K n (n ≥ 2) into triangles, is the set of color classes of a fall
-coloring of KG(n, 2). Similarly, if n − 1 = 1 or 3 (mod 6) every partition of edge set of K n (n ≥ 2) into one complete star and triangles, is the set of color classes of a fall ( (n−1)(n−2) 6 + 1)-coloring of KG(n, 2). Therefore, the following characterization implies
+ 1} n ≥ 5, n = 2 or 4 (mod 6) ∅ n ≥ 5, n = 0 or 5 (mod 6)
Now we study some fall colorings of other Kneser graphs in some special cases. KG(n, 1) is a complete graph with n vertices and therefore, Fall(KG(n, 1)) = {n}. If m, n ∈ N and n 2 < m ≤ n, then, E(KG(n, m)) = ∅ and therefore, Fall(KG(n, m)) = {1}. If m, n ∈ N and n = 2m, then, E(KG(n, m)) is a perfect matching of KG(n, m) and hence, Fall(KG(n, m)) = {2}.
Javadi and Omoomi observed that if n, m ∈ N and 1 ≤ m ≤ n 2 and an (S, B) = m − (n, 2m − 1, 1) block design exists, then, T := { {X| X ⊆ C, |X| = m} | C ∈ B } is the set of color classes of a colorful |B|-coloring f of KG(n, m) and each vertex of KG(n, m) is colorful with respect to f [8] . Indeed, they have shown that with these conditions, Fall(KG(n, m)) = ∅ and |B| ∈ Fall(KG(n, m)). One can see that combining the Theorem 1 with each of Theorem 2, Theorem 3, and Proposition 1 is very fruitful. Now we introduce some bounds for χ f (KG(n, m)).
Let S be a nonempty independent set in KG(n, m). S is called intersecting if A∈S A = ∅ and non-intersecting if A∈S A = ∅. Hilton-Milner theorem [4] states that if n ≥ 2m, then, the maximum size of a non-intersecting independent set in KG(n, m) is at most h n,m := 1 + n−1 m−1 − n−m−1 m−1 . Let n, m, k ∈ N and n ≥ 2m and f be a fall k-coloring of KG(n, m) and S be an intersecting color class of f and let i ∈ A∈S A. Each vertex B of KG(n, m) which contains i, is an element of S, otherwise, B / ∈ S and B has not any neighbors in S, contradicting the fact that f is a fall k-coloring of KG(n, m). Also, since n ≥ 2m, for each j ∈ [n] \ {i}, there exists a vertex C of KG(n, m) which i ∈ C and j / ∈ C and C ∈ S, therefore, A∈S A = {i} Therefore, we have proved the following theorem. 
